Results are presented of real-time kinematic (RTK) positioning based on carrier-phase and code (pseudorange) observations of the four Galileo In-Orbit Validation (IOV) satellites, as they were in orbit and transmitting navigation data at the time of writing this article (2013).
Introduction
Europe's global navigation satellite system (GNSS) Galileo is currently under development.
At the moment of writing this article (2013) the project is in its In-Orbit Validation (IOV) Table 1 gives the frequencies/wavelengths of the Open Service signals that can be tracked from the Galileo IOV satellites, vs. those of the signals that can be tracked from the satellites of the established Global Positioning System (GPS). It is assumed that data on the following Galileo frequencies are tracked: E1, E5a, E5b and E5. The E6 signal was not tracked by the receivers used in our analyses. We remark that this signal will not be part of Galileo's Open Service, as it will be encrypted for commercial purposes [2] .
The Galileo E5 signal, with its Alternative Binary Offset Carrier (AltBOC) modulation, is an extra-wideband signal having two components, E5a and E5b, and these can be received by tracking them as two independent BPSK(10) modulations, at center frequencies 1176.45 MHz and 1207.14 MHz. Secondly, the E5a and E5b bands can be tracked coherently as one signal, 4 /39 centered at the mean of the E5a and E5b frequencies, leading to high-performance E5 observables [3] . The wideband E5 signal is expected to have a much better code (pseudorange) accuracy and multipath suppression as compared to its subcarriers E5a and E5b
[4]. From Table 1 , note that two of Galileo's frequency bands overlap GPS; as such, the Galileo E1 and E5a frequencies are identical to the L1 and L5 frequencies of GPS. This article focusses on high-precision real-time kinematic (RTK) positioning results based on data of the four IOV satellites for which their positions are computed using the broadcast navigation message data. Crucial to RTK positioning is a correct fixing of the carrier-phase ambiguities, and, according to the authors' knowledge, results of Galileo IOV ambiguity resolution, standalone as well as with GPS, are described in an article for the very first time.
The Galileo IOV data have been collected by the permanent multi-GNSS receivers operated 5/39 by Curtin University in Perth, Western Australia. The focus of the article will be on the time needed to reliably fix the carrier-phase ambiguities for different combinations of the Galileo frequencies. Integer ambiguity resolution is the prerequisite for precise positioning and hence should be as fast as possible. Results of ambiguity resolution and positioning were not only evaluated for Galileo IOV alone, but also when combined with GPS. This was done for two periods of about 2 hours in which the four IOV satellites were simultaneously observed in Perth. These two datasets are separated by 10 days, corresponding to the period after which the four-satellite Galileo constellation is repeating itself [11] . In addition, combined
Galileo&GPS positioning results will be presented for another dataset mimicking urban canyon conditions, such that it would not be possible to obtain precise positioning results based on data of one constellation only.
This article is set up as follows. The observation models underlying Galileo-only or GPS-only and combined Galileo&GPS as based on double differences are reviewed in Section 2.
Section 3 presents results of ambiguity resolution and positioning based on these models, while Section 4 ends the article with conclusions.
Single GNSS vs. combined GPS&Galileo positioning model

Single GNSS double-differenced observation model
The double-differenced (DD) observation equations for a single GNSS constellation short- With a 'short' baseline we assume that the distance between the two GNSS receivers is at most about 10 kilometres long, see e.g. [14] . This has the following consequences. First, the 7/39 line-of-sight vectors can be taken identical for both receivers with respect to the same satellite. Second, errors in the satellite positions (that are assumed to be known in the baseline processing) can be safely ignored. Third, for short baselines the between-receiver differential atmospheric errors are so small that they can be ignored as well (under normal ionospheric conditions and in mid-latitude regions).
If we assume that the system of equations in Eq. (1) these results were based on data using the GIOVE satellites, it is expected that a similar conclusion holds for the IOV satellites.
An alternative combined (linearized) system of DD GPS and Galileo observation equations, in which the Galileo phase and code data at identical frequencies are differenced relative to the GPS pivot satellite and corrected for differential ISBs, can now be given as follows: 
Galileo other freq.
GPS identical freq.
freq.
GPS-Galileo identical freq. (pivot sats.)
Galileo identical freq.
with the GPS satellite index 2 , , The redundancy of the 'standard' combined model can be shown to read
as well as at least one frequency per system ( 1 
Three-step procedure for solving the relative GNSS model
To solve the relative receiver positions of the models in the previous subsections with high precision it is common to make use of the integer nature of the DD ambiguities. The model is then solved by means of a three-step procedure. In the first step the integer nature of the ambiguities is discarded and one performs a standard least-squares adjustment. The solution is referred to as the 'float' solution, and is -for short timespans-governed by the precision of the code data (the phase data only start to contribute after the receiver-satellite geometry has changed sufficiently). In the second step the part of the float solution corresponding to the ambiguities is input for the LAMBDA method solution, is then governed by the high precision of the phase data.
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Results of ambiguity resolution and precise positioning
Selection of Galileo IOV and GPS data: datasets I and II
Galileo IOV and GPS data were collected by three multi-GNSS receivers permanently set up at Curtin University in Perth, Australia. Two Trimble TRM59800.00 geodetic antennas, with a short spacing of about 8.4 m, are connected to the roof of building 402; see Figure 1 . One of the antennas is connected to a Trimble NetR9 receiver (CUTA), while the other antenna is connected to two receivers using a splitter: another Trimble NetR9 receiver (CUT0) and a Septentrio PolaRx4 receiver (CUT1). Both Trimble and Septentrio receivers collect Galileo data on four frequencies, and GPS data on three frequencies.
We first present ambiguity resolution and positioning results for a period of about 2 hours during which the four Galileo IOV satellites were tracked above an elevation of 10 degrees, days. In addition to the four Galileo satellites, the sky plot shows the tracks of four GPS satellites, which are used for the GPS-only computations and those combined with Galileo.
Data of other than these four GPS satellites was collected as well, though not used in our computations; otherwise GPS would have a too dominant contribution to the combined solution. To have a 'fair' comparison we selected those four GPS satellites that were observed continuously during the 2-hour timespan.
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To get insight in the receiver-satellite geometry, Figure 
Stochastic model of the Galileo IOV and GPS data
The stochastic model of the Galileo and GPS code data, as has been adopted in all computations in this article, is determined using variance-component estimation Table 4 are reasonably small; the largest values of about 0.3 are the correlation coefficients between E5a and E5, as well as between E5b and E5. Based on these results, we believe that it is permitted to assume that the Galileo observables of different frequencies are uncorrelated. From the results it also followed that the code data of GPS can be assumed uncorrelated. For the correlation coefficients of the code data tracked by the Septentrio receiver a similar conclusion could be drawn as for the Trimble receivers. Concerning the 15/39 phase data, based on the estimated variances it turned out that the undifferenced phase standard deviation for all observables could be set to a value of 3 mm (in zenith).
The estimated zenith-referenced standard deviations for phase and code are multiplied by an exponential function, cf.
[22], as to model the precision as a function of elevation. In a next step the propagation law of variances is applied to compute the variance-covariance matrix of the DD observations.
Results dataset I: four satellites per constellation
For the two days forming dataset I the times to fix the integer ambiguities are evaluated for several cases: Galileo-only, GPS-only and Galileo&GPS combined. To quantify the benefit of additional frequencies, in the computations we started with single-frequency cases and systematically added one frequency at a time. Figure 5 presents the mean convergence times to fix the ambiguities for the two baselines, i.e. CUT0-CUTA, consisting of identical Trimble receivers, and CUT1-CUTA, the mixed Septentrio-Trimble baseline. For the CUT0-CUTA baseline two times-to-fix are shown in Figure 5 : the first corresponding to 20 March and the second to 30 March. Unfortunately, the Septentrio receiver did not track data on the first day (20 March), so for the baseline CUT1-CUTA only the times-to-fix corresponding to 30 March are shown. For the CUT0-CUTA baseline it can be seen that the differences in times-to-fix between the two days are very small. Generally, the ambiguity convergence times for baseline CUT1-CUTA are slightly better than those of baseline CUT0-CUTA, which is attributed to 16 /39 the better code precision for some of the observables tracked by the Septentrio receiver(see Table 3 ).
Single-constellation single-frequency ambiguity resolution performance
As can be seen from Figure 5 , for both baselines the single-constellation (i.e. Galileo-only or GPS-only) single-frequency cases require the longest times-to-fix, which is due to the weakness of the underlying model, since satellite or frequency redundancy is absent. For the Galileo E1 observations even the two-hour timespan is insufficient to resolve the ambiguities.
From GPS-only we know that single-frequency ambiguity resolution is only expected to be successful with a large number of satellites [23] , and thus only four visible satellites is simply too few. Comparing the Galileo-only E1 case with E5a, E5b and E5, it can be seen that E1
performs much worse (even the full two hour timespan is still not enough for ambiguity resolution), as compared to the E5a, E5b and E5 frequencies. This result is due to the shorter wavelength of E1 (~19 cm) as compared to the other three (~25 cm), which led to a poorer float ambiguity solution for E1. The much better performance of E5 (about 19 minutes timeto-fix) is attributed to the low code noise of this signal; a promising feature which was also emphasized in [3], although in that article simulated Galileo observations were used. The time-to-fix-ambiguities in case of GPS-only L1 are for the two baselines approximately one hour, and this is much shorter than for the Galileo-only E1 case. At first sight, this better result for GPS-only may look surprising; since the precision of the E1 and L1 observations is comparable and the geometry based on the four GPS satellites is slightly poorer than based on the four Galileo satellites, as demonstrated by the higher PDOP values for GPS-only in Figure   3 . However, one has to keep in mind that it is not so much the instantaneous geometry that is relevant for ambiguity resolution, but more importantly is its change in time [24] . While the 17/39 instantaneous geometry is poorer for GPS than for Galileo, the PDOP of GPS changes more than that of Galileo, which remains at a more constant level during the two-hour timespan.
This change of the geometry has a favorable effect on the precision of the float GPS ambiguities, leading to shorter times-to-fix as compared to the Galileo-only case, for which there is less change in receiver-satellite geometry.
Single-constellation dual-frequency ambiguity resolution performance
Adding a second frequency already improves the single-constellation ambiguity times-to-fix considerably, to less than ten minutes for Galileo-only (E1+E5a and E1+E5, with a better performance for the second combination), and to even less than two minutes for GPS-only.
The explanation for the better results in case of GPS-only is the same as in the singlefrequency case.
Galileo-only triple and quadruple-frequency ambiguity resolution performance
Before discussing the performance of combined Galileo&GPS ambiguity resolution and positioning, we will give results for Galileo-only ambiguity resolution when a third and fourth frequency are added. From Figure 5 it follows that the addition of a third frequency still improves the ambiguity convergence time somewhat. For both baselines the time-to-fix is 2-3 minutes when based on either the E1+E5a+E5b observables, or the E1+E5a+E5 observables.
The inclusion of the precise E5 observables does not have much influence in the triplefrequency performance compared to the use of E5b, as the times-to-fix are already at a fast level. Adding a fourth frequency (i.e. E1+E5a+E5b+E5) gives the best performance for Galileo-only: the mean time-to-fix-ambiguities is less than two minutes.
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Galileo&GPS single/multi-frequency ambiguity resolution performance
In the combined Galileo&GPS case, single-frequency (E1& 1 L1) ambiguity resolution was first based on the 'standard' model with a pivot satellite for each constellation (see Section 2).
For both baselines the resulting mean time-to-fix is less than three minutes. Compared to the single-system performances, which are on the order of one to a few hours, this is a tremendous improvement. An even further improvement is possible when instead of two pivot satellites only one is used; for the baseline CUT0-CUTA, consisting of identical Trimble receivers, differential ISBs can be assumed absent; however, for the baseline CUT1-CUTA, consisting of mixed receivers, we first determined the differential ISBs from another dataset.
The differential phase ISB was estimated at -0.21 cycle, while the differential code ISB was estimated at an insignificant value close to zero, implying that it can be neglected for this combination of Septentrio and Trimble receivers. Thus only the phase data received an apriori ISB correction. From Figure 5 it can be seen that the resulting performance of ambiguity resolution based on one pivot satellite is very similar for both baselines: the mean time-to-fix for the ambiguities is about 1.5 minutes, about half the time of the two-pivotsatellite case. In a next step, for the combined Galileo&GPS multi-frequency case we processed two frequencies from both systems, i.e. E1+E5a and L1+L2. As can be expected, because of the strength of this model, its performance is best: for both baselines ambiguity resolution can be done successfully in an instantaneous way, thus based on a single epoch of data all the time.
Positioning performance
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The above cases will now be used to assess the performance of the positioning. Figure 6 depicts the errors in east-north-up for the position solutions of CUTA, obtained from the Table 5 . It can first be seen that in the Galileo-only case the east component is determined with a better precision than the north component: its RMS error values are 5 cm for float and 3 mm for fixed east; while the RMS error is a large 27 cm for float north and about 6 mm for fixed north. This better precision is east direction is due to the actual receiver-satellite geometry: in Figure 4 (left) it can be seen that the EDOP in case of Galileo-only is smaller than the NDOP, indicating that the Galileo satellite distribution in east-west direction is much better than in north-south (as there are no satellites in the south). After ambiguity resolution however there is much less difference in the precision of east vs. north: both are at sub-cm level. In the GPS-only L1+L2 case, there is less difference in precision level of east and north components. Although the float solution shows a large bias during the timespan (the coordinate estimates show a mean of about 30 cm in all three components), the results look much better after ambiguity resolution, with the means of the fixed components at the sub-cm level. The bottom three graphs of Figure 6 depict the position errors for the combined Galileo&GPS case. Although ambiguity resolution can be done 20/39 instantaneously in this case, the positioning results are plotted in multi-epoch mode to compare them to the single-constellation positioning results. From Table 5 it can be seen that the combined case results in the lowest RMS error values for float and fixed: the float RMS error is smaller than 12 cm and the fixed RMS error is below 1 cm, for all three components.
Results dataset II: 'urban canyon' conditions
For dataset II, where Galileo&GPS observations that are tracked above 45 degrees elevation are used, we only present results of combined ambiguity resolution and positioning, because only two Galileo satellites were tracked and only four GPS satellites were available for half of the time (for the rest of the time just three GPS satellites), having a very poor geometry, see For the single-frequency case, combining Galileo E1 with GPS L1, the processing was performed in two different ways: firstly, based on a pivot satellite per constellation (the 'standard' approach) and secondly, ignoring the differential ISBs for the CUT0-CUTA baseline, while applying differential ISB corrections to the CUT1-CUTA baseline, such that one pivot satellite (in this case of GPS) for both Galileo and GPS is sufficient. With two pivot satellites, the mean time-to-fix is in the range of 11-14 minutes, but this decreases to 7-10 21/39 minutes when one pivot satellite is used. These times are longer than for the similar cases in dataset I (see Figure 5 ), but this is due to the fewer satellites we have in dataset II, resulting in a weaker model. Adding a frequency for both constellations (i.e. E1+E5a and L1+L2) significantly shortens the ambiguity convergence time, to just above one minute for both baselines. Using the more precise E5, i.e. processing E1+E5 with L1+L2, improves ambiguity resolution, although the gain is only limited compared to the use of E5a: the mean time-to-fix is just below one minute for both baselines. While in case of dataset I instantaneous ambiguity resolution was feasible based on E1+E5a and L1+L2 observables, this is not possible for the current dataset as a result of the lack of satellite redundancy for many epochs.
However, times-to-fix of less than one minute are promising for applications with obstructed satellite visibility. The addition of a third or even a fourth Galileo frequency does not further reduce the ambiguity convergence time, as compared to the case when two Galileo frequencies are used.
To illustrate the performance of the positioning based on a large cut-off elevation of 45 degrees, Figure 8 shows the east-north-up position errors for CUTA (relative to its precisely known coordinates), based on the Galileo&GPS single-frequency processing applying one pivot satellite (of GPS) for both constellations (for baseline CUT1-CUTA). It can be seen that the north component is determined with a higher accuracy in terms of RMS errors, followed by east and up. This is due to the receiver-satellite geometry for this dataset, with a better distribution of satellites in north-south direction than in east-west (see the sky plot at the right in Figure 2 , showing that most satellites basically move in the north-south direction). Finally, we remark from Figure 8 that the formal standard deviation of the up component reaches up to 8 cm after ambiguity fixing. This relatively poor height precision is due to the large cut-off 22/39 elevation of 45 degrees, resulting in a receiver-satellite geometry in which all satellites are relatively close to the zenith.
Conclusions
This article has presented results of carrier-phase ambiguity resolution and high-precision relative positioning based on real observation data of the first four Galileo IOV satellites in orbit that were received beginning in March 2013. The positions of these Galileo satellites were computed using the ephemerides transmitted in the navigation messages. The performance of LAMBDA-based ambiguity resolution and positioning was tested for some short baselines for which the differential atmospheric delays and ephemeris errors can be safely ignored.
Although instantaneous (single-epoch) ambiguity resolution based on just four satellites is not possible, as the underlying model is too weak, it was demonstrated that dual-frequency Galileo-only ambiguity resolution needs less than ten minutes on average for the considered datasets. This mean time-to-fix was even reduced to less than two minutes using all four frequencies of Galileo's Open Service. Combined with dual-frequency data of four GPS satellites successful instantaneous Galileo&GPS ambiguity resolution could be demonstrated using at least dual-frequency Galileo data. The resulting (kinematic) positioning accuracy, based on fixed ambiguities, was at the few millimeter level horizontally and at the 1 centimeter level vertically, in terms of RMS errors. It is emphasized that these results are based on only four satellites of each constellation; in (future) practice the results will be even 23/39 better when there are more Galileo satellites. From our analyses it could furthermore be demonstrated that the precision of the E5 code observables is much better than of the code observables at the other frequencies of Galileo's Open Service (i.e. E1, E5a and E5b).
The benefits of the combination of Galileo with GPS will become even more evident in areas with poor visibility at low elevations ("urban canyon"), such that insufficient (i.e. fewer than four) GPS satellites are available, or they have a poor receiver-satellite geometry. Mimicking such conditions by setting the elevation cut-off to 45 degrees in our analyses, resulted in a mean ambiguity convergence time of only slightly more than one minute based on the combination of two frequencies of each constellation.
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34/39 Note that the scaling of the y-axis is logarithmic. For the single/multi-frequency Galileo&GPS combined processing there are two single-frequency strategies: the first with a pivot satellite (PS) for each constellation (E1&L1; 2 PS) and the second with a common pivot satellite for both Galileo and GPS (E1&L1; 1 PS). Remark that for the single-frequency E1 and L1 cases ambiguity resolution could not be realized during the full timespan; the bars therefore take the maximum value of the y-axis. It is furthermore remarked that for the multifrequency Galileo&GPS case the mean time-to-fix-ambiguities is just based on a single epoch (corresponds to 0.5 min) for both baselines during the two days, which explains the three small bars below the 1 minute value for E1+E5a&L1+L2.
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